A simple, general, and numerically robust algorithm is presented for calculating the disjoining pressure and interaction free energy per unit area between two identically charged flat plates due to electrical double layer interactions according to the nonlinear PoissonBoltzmann theory. The result is applicable to electrolytes with any number of ionic species having any combination of valencies as well as to constant potential, constant charge, or charge regulation boundary conditions on the plates. The algorithm is very simple to implement on commonly available numerical software environments and is therefore particularly suitable for use in data analysis.
The nonlinear Poisson-Boltzmann theory provides an accurate mean field description of electrical double layer interactions in the colloidal regime and it is used extensively in interpreting direct and indirect measurements of colloidal forces. For interactions involving symmetric electrolytes the problem has been studied extensively (1) . For mixed valence systems, only specific cases have been analyzed and the solutions are not simple to implement. It is therefore most desirable to have a simple, general and robust method of calculating electrical double layer interactions for all electrolyte compositions.
Consider two identical, uniformly charged planar surfaces located at x = −L/2 and at x = L/2 (a distance L apart) separated by an electrolyte solution in contact with a bulk reservoir that comprises n i ions per unit volume of species i with valence v i . The mean electrostatic potential ψ(x) obeys the nondimensional Poisson-Boltzmann equation
with y(ξ ) = eψ(x)/kT , the potential scaled by the protonic charge e and the thermal energy kT ; and ξ = κ x, the coordinate scaled by the Debye parameter κ ≡ (n o e 2 /ε 0 ε r kT ) 1/2 of the electrolyte with ionic strength n o ≡ j n j v because of symmetry, the potential is y(0) = u. Without loss of generality, we can assume z ≥ u ≥ 0 provided the concentrations and the signs of the valencies of all the asymmetric ionic species are adjusted accordingly.
Herewith the key results while details of the derivation are deferred to the latter part of this article. After application of the boundary condition at the median plane ξ = 0, the first integral of [1] 
[3a]
where
The disjoining pressure P(L) is given, as usual, in terms of the median plane potential u:
The interaction free energy per unit area can be obtained by integrating the disjoining pressure P(L) [5] with respect to the separation L. The results given thus far are completely general and are independent of boundary conditions on the surfaces. However, expressions for the interaction free energy per unit area will vary with the type of boundary conditions:
(i) For surfaces that interact under constant surface potential, where the surface potential z is independent of the median plane potential u, the interaction free energy per unit area
The following remarks are in order:
(a) Equations [3] [4] [5] [6] express the separation, L, the disjoining pressure, P (L) , and the interaction free energy per unit area, V p (L), parametrically in terms of the median plane potential u. These are to be used to generate the triplet {L , P(L), V P (L)} for a suitable range of values u. An evenly spaced set of u values between 0 and z is sufficient for almost all practical applications.
(b) The integrands in Eqs. [3] and [6] are well behaved throughout the domains of integration; in particular, the integrand in Eq. [3b] is finite at the lower limit s = 0 so that no special numerical integration methods are required. Furthermore, the functions and the integrals have been arranged and grouped to minimize loss of significant figures at extreme values of the parameters, e.g., as L → ∞; that is, u → 0.
(c) By using list handling capabilities and adaptive numerical integration routines of software packages such as Mathematica (2), the entire algorithm can be implemented in a few lines of code, see Table 1 (3). If P(L) and V P (L) are needed as functions of L, the data pairs {L , P(L)} and {L , V P (L)} can be used to construct interpolation functions (4). The function G(x, y) is used throughout to take advantage of the precision of built-in intrinsic forms of the hyperbolic sine function.
(ii) For surfaces that interact under constant surface charge, the surface potential z for a given value of the median plane potential u has to be found by first solving the equation
where the constant surface charge density is characterized in terms of the scaled surface potential at infinite separation, z ∞ . Equation [7] has a unique root located in max(u, z ∞ ) ≤ z < ∞.
Once z is found for a given value of u, Eqs.
[3] and [5] will give the separation, L, and the disjoining pressure, P(L), while the interaction free energy per unit area under constant charge
(iii) For surfaces that interact under charge regulation, the scaled surface potential z has to be found using the surface charge-surface potential relationship σ (z) that characterizes the charge regulation process. For a given median plane potential, u, the surface potential, z, has to be obtained by first solving the equation
which has a unique solution for z > 0. Using this solution, Eqs. [3] and [5] will give the seperation L and the disjoining pressure P (L) , while the interaction free energy per unit area
For large separations, κ L 1, results for the different boundary conditions all approach those obtained from the so called superposition approximation or weak overlap approximation. Far from an isolated surface with surface potential z ∞ , the potential has the asymptotic form ψ(x) ∼ = (kT /e)A z ∞ e −κx , κx 1. From this result, we obtain the disjoining pressure and the interaction energy valid for κ L 1: where the constant A is given by
This completes the specification of the method for calculating electrical double layer interactions involving asymmetric electrolytes between identical plates for all common boundary conditions. With modern numerical computation software packages, this method of calculating the separation L, the disjoining pressure P (L) , and the interaction energy per unit area V (L) is very easy to implement.
We now give details of the derivation of the above results. The function G(x, y) which follows from the identity
is used to obtain Eq.
[3b] from [3a] in order to circumvent the potential loss of significant figures in [3a] . A similar transformation is used to ensure that the disjoining pressure in Eq. [5] is evaluated accurately for small u. In Eq.
[3a], the change to the new integration variable s defined by y = s 2 + u in Eq.
[3b] removes the integrable inverse square root singularity at the lower limit y = u.
The derivation of the interaction free energy at constant potential V P (L) requires an integration by parts
where dP/du is obtained from Eq. [5] , while Eq.
[3a] is used to replace L in the same integrand to obtain a double iterated integral. If the surface potential z is a constant, an interchange in the order of integration together with a regrouping of terms gives the final result in [6] after using [11] . At any value of u, the additional equation to be solved for the surface potential z for constant surface charge [7] or for charge regulation [9] surfaces follows from applying the usual electrostatic Gaussian boundary condition to Eq. [2] at x = L/2, the surface of the plate.
The derivation of the interaction free energies
is a straightforward generalization of a similar derivation for 1:1 electrolytes (5).
In the case of 1:1 or symmetric electrolytes, it is more efficient to use the following explicit forms of Eqs. [3] [4] [5] [6] (1, 5)
where m = e −2u and ϕ = arcsin(e −(z−u)/2 ); and K (m) and F(ϕ | m) are elliptic integrals of the first kind and are readily available (6) . The disjoining pressure P(L) in [5] becomes
and the expression for the interaction free energy per unit area [6] for constant potential surfaces becomes and the explicit solution of [7] for the surface potential z is z = arcosh 2 sinh 2 1 2 z ∞ + cosh u .
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